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Abstract

The method of generalized conditional symmetry used by Fokas and Liu
for deriving nonintegrable evolution equations which possess exact analytic
solutions is here extended to the construction of differential-difference
equations supporting two-kink and two-soliton solutions. In particular, we build
the discrete analogue of a Burgers type equation with reaction term, investigated
in the continuous case by Satsuma, and describing the coalescence of two
travelling waves. We also derive the discrete form of a nondispersive evolution
equation possessing like the Korteweg—de Vries equation a two-soliton solution.

PACS numbers: 02.30.-f, 02.90.+p, 05.50.+q

1. Introduction

The concept of a generalized conditional symmetry (GCS) was introduced and used by
Fokas and Liu [1, 2] to obtain nonintegrable equations supporting multi-soliton and multi-
kink solutions and particular examples are related to Burgers and Korteweg—de Vries (KdV)
equations. For instance, the equation

Uy = Yy + (1 = 3p)uu, + (1 — y)(—u3+cm+ﬂ) (1.1)
which is nonintegrable for y # 1 shares with the Burgers equation

u; = Ki(u) = uyy — 2uu, (1.2)
the general solution of the nonlinear ordinary differential equation (ODE)

ol(u)Eu”—3uux+u3—au—,3=0. (1.3)
3 Author to whom correspondence should be addressed.
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Under the transformation u = —, /v, equation (1.2) is linearizable into

Vi — VY =0 (1.4)
while equation (1.3) is linearizable into

Vxex =¥ + Y =0 (1.5)

with general solution
3
V= ZA,» exp(rix) A —ar+B =0 A, arbitrary. (1.6)
i=1

Therefore (1.3) represents the GCS for a two-kink solution. Now, equation (1.1) may be written
as

ur = Ki@) + (y — Doi(u) (1.7)
and under the transformation u = —, /v it can be associated with the linear equations
wt_wxxzo wxxx_aw/r"'ﬂw:() V;él (1.3)
Therefore
3
Vo= Z exp (Aix + it +6;) w; = A} & arbitrary. (1.9)

i=1
Choosing 8 = 0, equation (1.1) possesses the particular solution
u = —9,Log(1l +expb, +expb_) 0. =+ Jax+ot+8, (1.10)

which describes the coalescence of two kinks depending on the fixed parameter «. This
expression is also a solution of (1.2), with « being in this case an arbitrary constant.

For y = 1/3 equation (1.1) is related to the Fitzhugh—Nagumo—Kolmogorov—Petrovskii—
Piskunov (KPP) equation [3—-6] which arises in population dynamics, nerve pulse propagation
in nerve fibres and wall motion in liquid crystal while the case 1/3 < y < 1 was first
investigated by Satsuma [7-9] who derived the particular solution (1.10), transforming the
evolution equation (1.1) into a bilinear form of the variable .

Two other interesting examples are the nonintegrable equations

U = —2uny, +2u? — 2uu, — 2au, (1.11)
and
.2 2 4 2
= uy +2u uy — 20, +u” +20u” +28. (1.12)

They share with the potential KdV equation

U = Ko(u) = e, + 61> (1.13)
the solution of the nonlinear ODE
Lt2 Lt4
Gg(u)zuu”—?x+2u2ux+?+om2+,3=0 (1.14)

which represents the GCS for the two-soliton solution and is linearizable. Indeed, under the
transformation u = v, /v, equation (1.14) takes the bilinear form

Uy Uppx — %vfx+avf+/3v2 =0 (1.15)
which by differentiation gives the fourth-order linear equation

Vyxxx + 2000, + 280 = 0. (1.16)
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Therefore, equation (1.14) possesses the general solution

4
u= 8xLog<ZAi exp(kix)) X? + 2oekf +28 =0 A, arbitrary (1.17)

i=1
with A%AIAZ = A§A3A4. Equations (1.11) and (1.12) can be respectively written

axGZ (u)

up = Ko(u) — (1.18)
Uy = Ka(u) + 202 () — 220200 (1.19)
and under the transformation # = v, /v, they can be associated with the linear system
Vs + 2V, + 6v, =0 Vyyxx + 200, + 280 =0 (1.20)
taking account of the first integral (1.15). Therefore, choosing o = —()fr + A%) and

28 = (A2 —22)%
v = Z Acexp (O £2)x — 403 £23)1) + Z Biexp(— (A £A)x +403 £23)1)
+ +

(1.21)
2

AB, = A B (2=t (1.22)

A P W '

and one obtains for both equations (1.11) and (1.12) the particular solution

u = A+ A_+0,Log(l +expb; +expO_ +kppexp(6; +6-)) (1.23)
0 2 x + 8031+ A =AY (1.24)

= — X K = . .

+ + T + 12 et

This expression is also a solution of (1.13), with A, # A_ being in this case some arbitrary
constants.

The GCS (1.3) and (1.14) are particular cases of two linearizable nonlinear ODEs of the
Gambier classification [10] usually referred to as G5 and G27. They may be obtained from the
original definition of GCS which involves Fréchet differentiation, but can also be obtained using
the Bicklund transformation or the linearization of the related integrable partial differential
equations.

In section 2 we use the latter technique to derive discrete GCS for the equations of the
discrete Burgers hierarchy [11] in order to obtain the discrete analogue of the nonintegrable
equation (1.1) which supports two-kink solutions. In section 3, we consider the so-
called Lotka—Volterra equation having as the continuous limit the KdV equation and derive
from its Bicklund transformation the discrete equivalent of the GCS (1.14). This latter
linearizable difference equation is used for building discrete equivalents of the nonintegrable
equations (1.11) and (1.12) which both support a solution describing the elastic collision of
two solitary waves with fixed speeds.

This paper is an updated version of [12].

2. Discrete Satsuma equation

The discretization of the Burgers hierarchy has been given by Levi et al [11] and may be
written in the form

M j—1
%U(n) =KW) =) ajlUn+j)—UmI[[Um+D) M=1,23,.... (2.1
j=1 1=0
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They may be linearized by the substitution,

Un) =¢n+1)pn)" 2.2)
to give

d M

7P = ;a,-qs(n +0). 23)

The N-kink solution corresponds to
N+l M '
$(n) = A(A)" exp [ aj(h)’ T] (24)
=1 j=1

where {A;}, {A;} are sets of arbitrary real constants. For simplification, the 7-dependence of
U and ¢ is taken to be understood. It is straightforward to derive the nonlinear difference
equation satisfied by the N-kink solution (corresponding to the GCS of Fokas and Liu [2] in
the continuum case). Let A1, A,, ..., Ay+1 be the roots of the equation

IV LN oM ey +ene =0 (2.5)
for any given set {c;} of coefficients. Then

¢m+N+1D)+ci¢p(n+N)+---+cyp(n+1)+cyapn) =0. (2.6)
Dividing by ¢ (n),

N N—-1
() = ]_[ Un+1l) +c ]_[ Un+D+-+cyU@m) +cye = 0. 2.7
=0 =0

This is the nonlinear difference equation of order N satisfied by the N-kink solution of (2.1),
given by (2.2) and (2.4). In analogy to the continuum case, this solution also satisfies the whole
family of evolution equations
d —
d—TU(n):K(U)+G(U,E) (2.8)
where G (U, ) is any function of U (n) and o (U) such that G(U, 0) = 0.
We now restrict ourselves to the case when M = 2, o) = 0, ap = 1 so that (2.1) becomes

%U(n) =K,(U)=[U@n+2)—UmU®n+1)Un) 2.9

which is a discrete form of the Burgers equation.
The two-kink solution of (2.9) is

p(n+1) 3 .
Un)y=——— ¢m) =) A0)"expWT). (2.10)
¢ (n) =
When the A; are the roots of
Mrarl+or+e=0 (2.11)

this solution satisfies the nonlinear difference equation
aU)=UmUn+DHUn+2)+cUm)Um+1) +cU(n) +c3 =0. (2.12)

This equation represents a particular case of the discrete mapping obtained by Ramani ez al [19]
and Grammaticos et al [20] as a result of the discretization of two projective Riccati equations.
Then, the equation

%U(n) =[Um+2) —UmIUn+ DU +GU,5,) (2.13)
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has the two-kink solution given by (2.10) when G(U, 0) = 0.

The discrete equations (2.9) and (2.12) have respectively as the continuous limit the
Burgers equation (1.2) and the GCS (1.3). Indeed, making the replacement n — nh, defining
the change of variables

Unh,T)=1—hu(x,t) x =nh+2hT t=2h0T (2.14)
and letting 2 — 0 in (2.9), with the product nh finite, the limit leads to

=23 (uy — Uyx — 2uuy) + Oh*) = 0. (2.15)
On the other hand, setting in (2.12)

¢ =-3 ¢ =3—ah? c3 = —1+ah’®+ i’ (2.16)

the limit gives
G2(U) = —h*[uxy — 3uuy +u’ —au — B1+ OM*) =0 (2.17)

where the expression between the brackets is identical to (1.3).
The discrete analogue of (1.1)

d —
qr V() = Ka2(U) +2(y — Do (U) (2.18)

can explicitly be written, setting h = 1, as
diTU(n) =[Um+2)—UmMUm+1DHUMn)+2(y — DIUMUMm+ 1)U +2)
BUMUn+D)+GB—-a)Un)+(a+p —1)]. (2.19)
Under the transformation U (n) = ¢(n + 1)/¢(n), the associated linear system is
d
ﬁqﬁ(n) =¢p(n+2)—opn) dm+3)+c1dp(m+2)+crp(n+1)+c3p(n) =0 (2.20)

where ¢, ¢; and c3 are given by (2.16). Therefore, choosing 8 = 0, a particular solution
of (2.19) is

1-U@mh) expf(n, T, Ja) —expOn, T, —/a)
h - \/&l+exp9(n, T, Ja)+expOn, T, —\/a) 2.2
O(n, T, Va) = nLog(1 + /ah) + 2</ahT + ah’T. (2.22)

Taking account of the relations in (2.14) the continuous limit for 0 is
;l,iné O(n, T, Vo) = Ja(x + /o t) (2.23)
and the expression (2.21) tends to (1.10).

3. Discrete conditional symmetry for two solitons

Let us consider two discrete forms of the KdV equation. The first one is the so-called Lotka—
Volterra equation, arising in prey—predator processes and in plasma physics [13, 14],

d
S l1og Nal = Nyt = Nyas n=0,+1,4+2, ... 3.1)

which may be written in potential form,
X n+l

d
Srllog X, =1- n=0,+1,=£2,... (3.2)

n—1
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by taking
Ny (1) = 2ot (3.3)
X n—1 (T)
and choosing the integration constant equal to 1. The integrability of (3.1) has been proven by
Kac and van Moerbeke [16] and Manakov [17]. The second discrete equation was introduced
by Hirota and Satsuma [15]

d wy, . (3.4)
dT I+ w, = Wy-1/2 Wn+1/2 .

which may in turn be written in the potential form

9 llogy,) = Y12y n=0+1 +1,... (3.5)
dT Yir12
by taking
Yi_12
P 3.6
w Y, (3.6)

and choosing the integration constant equal to —1. Equation (3.5) reduces to (3.2) by the
transformation

n—2n Y2, = X! (3.7)
and related transformation [18]
Ny = (1 +w2,) (1 + wapsr). (3.8)

Due to this equivalence, we only use equation (3.2) for deriving the discrete GCS. Making the
transformation

X = for12/fa=1)2 (3.9
equation (3.2) can be written in the bilinear form [21,22]

[Dr sinh(} D,) +2sinh(D,) sinh( D)1 f, - f =0 (3.10)
with the definitions

Dra-b=arb—abr exp(eDy)a, -b, =a(n+€)b(n —e) (3.11)
and the corresponding Bécklund transformation is

exp(—3D,) f - fu = [hexp(3D,) + wexp(3 D)1 Sy - fi (3.12)

[Dr — hexpD,) = y1fu- fu =0 (3.13)

where f, and f, are two distinct solutions of (3.10).
Setting in the Bicklund transformation A = Ay, u =1 — X, y = —A; and f, = 1, the
two linear equations

Fari2 = M fumspp + (L= A1) fuzipo (3.14)

for M foa =i fy =0 (3.15)
define the one-soliton solution which corresponds to the form

fo=1+exp QT — pin) +m1) (3.16)
with A; = —exp(—2p1), @; = sinh2p; and p;, n arbitrary constants. The corresponding

solution of (3.2) defined as X,, = f,,+1,2/ fu—1,2 satisfies the discrete Riccati equation

Fi(n) =X, 1 X, — A — (1 —A)X,; = 0. (3.17)
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Interchanging the f,, and fn in (3.12) and setting © = 1 — X, ¥y = —A,, we have
Fac1p2 fusiyz = 22 fusspp fumajp + (1= 22) fusi2 fuzi )2 (3.18)

where f, now corresponds to the rwo-soliton solution.
Dividing through by fy,+1/2fn,1/2, it becomes
Xn Xn+l

— =\
Xn anl

+(1— ). (3.19)

Eliminating X, between (3.17) for o1 (n + 1) and (3.19) gives
~ X1 =2+ —A)X,
X = 1A ( 2) + ( 1) ]. (3.20)
[XnXn—1 — A1A2]
Substituting back in (3.17) we obtain the following difference equation
o2(n) = Xy (A (1 = 22) + (1 = A Xpe1) 21 — A1) + (1 — A2) Xpp41)

—(Xnr1 X — MA2) (Xps2 X1 — A1ho) =0 (3.21)

which corresponds to the discrete GCS for the two-soliton solution.
Now making the transformation (3.9) in (3.21), this equation becomes

E, = (1 = 22) fusrp + (1 = A1) fuazp) A2 (1 — Ayp) fur1y2 + (1 = A2) fus3/2)

—(fusz2 — AMA2 faz1/2) (fussz — MAz fur1y2) = 0. (3.22)
Therefore, the ratio
MME, 1 — E,

= fusz — (1 = AD(1 = A2) fri3
Fovn — Ak foin Suis2 1 2) fn43)2
1=x)? (A=x)?
—AA + +2) 1
1 2( » )\1 Jns12
—iha(l =21 = A2) fu1p + AiA5 fu3p =0 (3.23)

is a linear difference equation of fourth order which corresponds to the linearization (1.16) in
the continuum case. If one substitutes

x=nh A= —1+2hA Xy =1+h(u@x) — (A +12)) (3.24)

in (3.21), it gives

4 1, 2 SETPE NP A B PR P 5
=2h" uu,, — Eux +2u”u, — (A" + A )u” + > + 5()\] —A) | +0Wm’) =0. (3.25)
Dividing through by —2h* and letting 1 — 0, this expression corresponds to the GCS (1.14)
witha = —(A3 +13), B =1(A2 — 232

We now build two lattice equations which share with the integrable differential-difference
equation (3.1) the two-soliton solution satisfying the GCS (3.21) and which possess as

continuous limit respectively the nonintegrable partial differential equations (1.11) and (1.12).
First, we consider the continuous limit of equation (3.2). Taking

X, (T)=Xmh, T)=1+h(u(x,t)+c) x=nh—-2hT = —h3T/3 (3.26)
with ¢ arbitrary, we obtain
— 1Rty — e — 6U3) + O(R%) =0 (3.27)

so that dividing through by —h*/3 and letting h — 0, we recover the potential KdV
equation (1.13).
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Then, we consider the lattice equation

d XX o -1
— X, =X, - 2 Talr — ) (3.28)
dr Xn (XnXp—1 — AA2) X,
AA MA =2+ —=ADX,) (I —=A)+0—1)X,
_x, by (A 2) +( DXn) (Ao D+ ( 2)X5) (3.29)
Xn—l (Xan—l _)"l)"Z)

which is a discrete equation of first order possessing the two-soliton solution of (3.2). To get
its continuous limit, instead of (3.28) we consider

d X1 X, L@an) —o2(n — 1) — 25,n) + L2, — 1
Ay _x, o XX 3(@2(n) — o2 ) — F02(n) + 502 ) (3:30)
dT anl (Xan,1 - )\1)\2)an1
which is identical to (3.28) for # = 1. Then, using the relations (3.26) with
c=—( + 1) A= —1+42h (3.31)

we have that
o2(n) —oa(n—1)

X X —hH s + 4% + 2uu — 2u (W] +13) + 2uu, } + O(h)

(3.32)
and the lattice equation (3.30) becomes
h*{ug + 2ugeu — 2u% + 20%u, — 2007 + Auy ) + O(h°) = 0. (3.33)
Dividing through by h* and letting 2 — 0 we recover equation (1.11).
We now consider the expression
Miroa(n—1) —o,(n) X, X, oy(n—1
G(X. 5y = 202(n — 1) —2(n) 1 +2<72(n ) (3.34)
(Xn+an - )LI)LZ) Xn—l Xn—l
_ h = Xu X, Doa(n — 1) (@2(n) —ox(n — 1) X, +232(n -1
(XnXps1 — A122) Xy X Xne1 — A2 Xu-1
(3.35)
which in the limit 7 — 0 gives
G(X,53) = —h*Qoa(u) — 300 (u) /u) + O(h3) (3.36)
where 0, (u) is the GCS (1.14). Therefore, the lattice equation
d Xn+1 Xn 1 —
— X, =X, - +-G(X, 3.37
i X, 3 (X,02) (3.37)
becomes
hH{uy — % — 2uPu, — 205 + X3)u, —ut + 20 + )u? — A — 1)’} +O(°) =0
(3.38)
and dividing through by h*, letting 4 — 0, it corresponds to (1.12).
With transformation (3.9) and definition (3.22) for E, one gets the identification
O — (3:39)
oon) = —m— .
? Juv12faz12
MME,_| — E, E,_
G(X,5) = 2ol T +2 2! (3.40)

Soo12(furzz — A2 fuo12) f,lz_l/z
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so that the lattice equation (3.37) can be written in the bilinear form

3 (fn—l/Z%an/Z - fn+1/2%f}1—1/2) = (2MA2 = 3) farzpa fu32
+2(1 = A = A2) flujo = 2 fuwapa fusi g2 + fassp2 fai12
(1= AD (0 = 22) fasza a1+ (3+ 2 (1= 22)% + 22 (1 = 21)?)
X fur1/2 fao1/2 = MA3 faspp fai/o + Aida(1 = A (1 — )uz)fnzfl/z- (3.41)

This equation possesses the two-soliton discrete solution f, = F® (nh, T), with

FOmh, T) =1+expO; +exp Oy + k12(h) exp (O] + O,) (3.42)

®;(n, T) = —2pinh + 2sinh(Rhp;)T (3.43)
A=\ .

kip(h) = | ——= A = —exp(—2hp;) i=1,2. (3.44)
1— Atk

In the continuous limit # — 0, taking account of the change of variables (3.26), one recovers
the two-soliton of the KdV equation

}llin%) FOmh, T) = 1+exp(®)) +exp(6r) + k12(h) exp(0; + 62) (3.45)
2
0, 1) = —2pix —8p3t  kpp = lim kpa(h) = <u) . (3.46)
h—0 PL+p2

4. Conclusion

We have derived in this paper discrete equivalents of nonintegrable evolution equations which
possess exact two-kink and two-soliton solutions. In the continuous case, although those
equations take a bilinear form after a transformation on the dependent variable, they cannot
be written only with Hirota differential operators. This feature is also valid for their discrete
counterparts as is clear from (3.41) whose right-hand side cannot simply be written in terms
of discrete Hirota operators.

It might be interesting to scrutinize the lattice equations to obtain other exact solutions
and to extend this study to more than one-space dimension, both in continuous and discrete
cases.
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